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Abstract In this paper, a class of complex-valued harmonic univalent functions

f(z) =h(z) + g(z) in the open disk U = {z : z € Cand|z| < 1} is defined by using a new
differential operator. We investigate coefficient bounds, distortion inequalities, extreme points
and convex combination results for this class.
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I Introduction

Harmonic functions are famous for their use in the study of minimal surfaces and also play
important roles in a variety of problems in applied mathematics for this see [3], [5], [6]. A
continuous function f = u + v is a complex valued harmonic function in a complex domain
C' if both u and v are real harmonic in C. In any simply connected domain D C (' we can
write f(z) = h(z) + g(z), where h and g are analytic in D. We call h the analytic part and g
the co-analytic part of f. A necessary and sufficient condition for f to be locally univalent and
sense- preserving in D is that }h'(z)‘ > | g'(z)‘ in D; for this see [4].

Denote by Sy the class of functions f(z) = h(z) + g(z) that are harmonic univalent and
sense-preserving in the unit disk U = {z : z € Cand|z| < 1} for which f(0) = f.(0) — 1 = 0.
Then for f(z) = h(z) 4+ g(z) € Sy, we may express the analytic functions h and g as
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z)=z+ Zakzk, g(z) = Zbkzk, zeU. (1)
k=2 k=1
Therefore

z)=2z+ Z a2 + Z bz, |b] < 1.
k=2 k=1

Note that Sy reduces to the class S normalized analytic univalent functions in U if the co-
analytic part of f is identically zero.

In [4] investigated the class Sy as well as its geometric subclasses and obtained some coef-
ficient bounds. Since then, there has been several related papers on A and its subclasses such
as [1], [10], [11], [7] and [9] studied the harmonic univalent functions.

The differential operator D7, (A, w)(n € N) was introduced in [2]. For f(z) = h(z) + g(2)
given by (1), [12] defined the differential operator as

Dy (A w)f(z) = Dy (A w)h(z) + (=1)" D , (A, w)g(2)

where N
D (A w) Z ) (puwt —a) + /{:]n apz*
and N
D (Aw)g(z) =Y [(k+1) (pu — a) + k] " b2,
k=1

where, 11, A\, w > 0,0 < o < pw, withDY (X, w) f(0) = 0.
The generalization of the differential operator for a function f(2) = h(z) + g(z) given by
(D).
Dg (A w) f(2) = Df(2) = h(z) + g(2),

DL (Aw)f(2) = (@ = p?) (R(z) +9(2)) + (e =+ 1) (2h'() = 26 (2) ),
In general,
Dy, A\ w)f(2) = D (D5 (A w) f(2)) - )
If f is given by (1), then from (2), we see that

Di (A w) f :z+z pw —oz)—l—k]nakzk—i—
o 3)
"Z k:+1 ,uw’\—oz)—i—k]nbkj.
=1

When, w = a = 0, we get modified Salgean differential operator [8].
We define Sy (A, w,n, «, ) the subclass of Sy consisting of functions f of the form (1)
that satisfy the condition

LD f()
&{O+€>D%Omwﬁ)_e}2& ®
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where, D, (A, w)f(z) is defined by (3) and (0< B <1,t€ R,n,a€ Np).
We let the subclass Sy (A, w, n, a, 3) consisting of harmonic functions f, = h + g, in Sy
so that h and g,, are of the form.

hz)=2=) az*, gu(2) = (=D bz, @b >0 (5)
k=2 k=1

The objective of the present paper is to give sufficient condition for functions f = h + 7
where h and g are given by (1) to be in the class Sy (A, w, n, a, #) and it is shown that this co-
efficient condition is also necessary for functions belonging to the subclass E(/\, w,n,a, f).
Also, we obtain coefficient bounds, distortion inequalities, extreme points and convex combi-
nation results for this class.

II Coefficient Bounds

In our first theorem, we introduce a sufficient coefficient bound for harmonic functions in
SN\, w,n,a, ).

Theorem IL.1 Let f = h + g be so that h and g are of the form (1) . Furthermore, let

i{P ((k=1) (o’ =) + k) = (1+ B)] [(k = 1) (pw’ = ) +k]"} Ja]

+ Z{[Q ((k+1) (pu* —a) + k) + (14 8)] [(k+ 1) (uw* — ) + k] } |bx] ©
<(1-5),

where p, A\, w > 0,0 < a < pw*, t € R,n € Ny, 0 < 3 < 1. Then f is sense-preserving,
harmonic univalent in U and f € Sg(\, w,n, a, ).

Proof: If z; # 2,

_ 9(21) — g(22)
=1 ‘h<zl> " (=)

1 i bi (o — #5)

(21 = 22) + 2opg ak (2F — 23)
S kb

1- Zk:Q k | ax|

oo [2((k+1) (pwr—a)+k)+(14+8) | [(k+1) (pw* —a ) +k]"
s BEr ()i ey,
. [2((k—1)(pw? —a)+k) —(148)] [(k—1) (> —a) +4]"
. —1)( pwr —a - — L)\ pwr—a

1= 1-3 ||

> 0.
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Which proves univalence. Note that f is sense preserving in U. This is because

o
> ka2
k=2

1 i [2 ((k —1) (uw — oz) + k:) —1(1_—;@] [( - 1) (uw — oz) + k}n|ak|
k=2
. i [2((k+1) (pw* — @) + k) -I—l(l_—;B)} [(k+1) (puw* — a) + k| bl
k=1
> kbl 2]
k=1
> |¢'(2)]

Using the fact that R(w) > f if and only if |1 — 5+ w| > |1 + § — w|, it suffucient to
show that

(1= 8—e")DL (A w)f(z) + (1+e")DLTH (N
(L4 B+ e")D (AN w)f(z) = (1+€*)DEEHA f z |

Substituting for D2 (A, w) f(2) and D (X, w) f(2) in (7), we obtain

- (7

(1= 8= e")Dy (A w)f(2) + (1+e") Dyt (A w) f(2)]
— (14 B +€")Dg (A w) f(2) = (1+ ) Dy (A w) f(2))]
z—i—z k—1) (pw —Oz)+k] agz®
(R
+(-1)" Z [(k+1) (pu* —a) + k}nl)k?
23 [k = 1) (ot = a) + K" a2
(14 e) =
H=D)ES T [k + 1) (ot — a) + k)" bR
k=1 J
Z+ Z [(k—1) (puw* — a) + k]" ax2*
(1+8+¢€") "2
+(—=1)" Z [(k+ 1) (pw* — a) + k] " b.2*
. k=1 /
Z+Z [(k—1) (pw* — a) —i—k}nﬂ 2"
(e E
H=1)" ST [k + 1) (ot — o) + k)" byt
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1 —p—e ) (1 + e“) n
)z + kE—1) (pw* —a) + k|" apz®
Z{ (Mw —oz)+k} [( )(# ) } k

+(_1)nz{(1—5—6 )_(1-1-6”) }[(k’—i—l) (,wa —Oz)—l—k}nbk?

= L [R+1) (i = a) +4]
ﬁz—i—z_:{ 1+6+)61(3w} (i—;)ez—i—)k]} [(k—1) (pw* — a) +k‘}nakzk

o0

z—l—Z

p ,uw —a+k

o] _1+€zt +ezt
”Z [(k+1) a) + k" b2k
1 -

— [(k+1 pw* — )
_§{<

B — 1 + e”)
ps (nw* — o) + k|

noo +ﬁ+€zt)+(1+ezt)
g {’s

i k—2p— k—1)— w — a
zzu—m!z\—z{[‘l o )j}cfi}\akuz!k

_i{[4k+2ﬁ+2+4(l@+1)—2+(uw —a)}]x}lkaZ'k

1—1—6“ )
,uw -« +k‘} az

} [(k—1) (pw* —a) + k‘}n apz®

[(k+1) (puw* —a) +&]"
- i 2 ((k = D)(uw* — ) + k) —1<1_+65>} (k= D ) £ 4]
PN = o (e D — )+ R+ (14 B)] [k + D — o) £ K]
_Z - | O |

This last expression is non-negative by (6), and so the proof is completed.
Theorem IL.2 Let f,, = h + g, be given by (5). Then f,, € Sy (\,w,n, «, B) if and only if

f:{@((k: 1) (puw* —a) + k) — (1+8)] [(k—1) (uuw* —a) +&]"} ay

=2

o

_|_

f:{ (k+1) (puw* —a) + k) + L+ B)] [(k+1) (uw —a) +k]"} by ©

1-5).

where u, \,w > 0,0 < a < puwht€ R ne Ny, 0< B < 1.

IN
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Proof: The "if” part follows from theorem (6) upon nothing that Sy (A, w, n, o, ) C Sy (A, w,n, a, B).
For the only if” part, we show that f ¢ Sy (), w,n, a, 3) if the condition (8) does not hold.

We note that a necessary and sufficient condition for f,, = h + g, given by (5), to be in

Su (N, w,n, «, B) is that the condition (4) to be satisfied. This is equivalent to,

( )

i <[2 ((k = 1) (pu* — @) + k) — (1 + 5)]) -
R = x [(k — 1)(/Lw)\—06)+k}n
> (12 ((k+1)(pw — a) + k) + 1+6]) i
—|—Z ( n ka
Re _ k=1 [( 1)(Mw>\ - (X) + k} >0

z—Z[(k—l)(uwA—oz)ij] apz™ + (

k=2

prA — a) + kz}n bz"

\ V

The above condition must hold for all values of z, |z| = r < 1. Upon choosing thae value
of z on the opposite real axis where 0 < z = r < 1 we must have

(

)

i ([2 ((k = 1) (pw* — a) + k) — (1+5)]> a1
1-p-| = x [k = 1) = ) + k)"
+§:<[2((k+ D (pw* — a) +’f) 1+6)]>bkrk_1
. [(k‘+1)( Y —a)+ k)" >0
1_Z[<k 1) (Hw —og)—i—k‘} agr —l—Z k—l— )(Mw)‘_a)-i‘k}nbkrkfl
\ T o

If the condition (8) does not hold, then the numerator in (9) is negative for r sufficiently close
to 1. Hence there exit 20 =70 in (0,1) for which quotient in (9) is negative. This contradicts the
required condition for Sy (A, w, n, a, ) and so the proof is complete.

IIT Distortion Inequalities and Extreme Points

In this section, we obtain extreme points for the class Sy (A, w,n,a, B).
Theorem III.1 Let f, € Sy (N, w,n, o, B). Then for |z| = r < 1 we have
1-p
22+ (pu? — a)) = (14 B)] [pw* —a+2]"
22(pw* — a+ 1)) + (1 + B)] [2(pw* — @) +1]"
202+ (pw* — a)) = (1+ 8)] [puw* — a + 2]

()] < (L4 bo)r +
by

and

WWW.1jsssr.com Page 32



[Vol-1, Issue-3, October-December 2023 ]
International Journal of Science and Social Science Research[lJSSSR] ISSN: 2583-7877

1-3

22+ (o —a)) = L+ P w? —a+ 2" |
220 — a+ 1)) + (1 + B)] [2(uw* — o) +1]" '
2(2 + (pw* — @) — (1 + B)] [pw* — a +2]"

Proof: We only prove the right hand inequality. The proof for the left hand inequality is similar
and will be omitted. Let f,, € Sy (A, w, n, a, §). Taking the absolute value of f,,, we have

[fu(2)] = (1= b1)r —

1

()] < (L4b)r+ > (ar + be)r"

k=2

< (L+b)r+ > (ax + be)r?
k=2
(1—pB)r’

s ) R G ) O A a2
S i@ 2+ (pu* — o)) = (1 + B)] [ — o+ 2]"

= -5 ot
(1—p)r X
< (1 + bl)r + [2(2 + (,uw’\ — a)) — (1 + 5)] [[L’LU’\ —a+ 2]71
[2((k = 1) (uw* = a) + k) = (1+ B)] [(k = 1) (uw* — @) + k]"
N - B ap+
i | 2((k+1) (ot —a) +8) + (1 + B)] [(k+ 1) (p — ) +#]"
1-0 '
(1-5) X
= T G —a)) — (1 B —a 2T
{1 2@t —a) + 1) + (1 + B)] [2(pet —a) +1]7 }ﬁ
1-p 1
(1-5) _
2Q(pw* — @) = (1+ B)] i —a +2]" 2
< (1 + bl)r + [2(2(;1,11)/\ — a) + 1) + (1 + ﬁ)] [Q(Mw)‘ - Oé) + 1]"b1

2Q2(pw* — a)) = (1 + B)] [pw? — a4 2]

The following covering result follows from the left hand inequality in Theorem 3.1.

Corollary IIL1 Let f, of the form(5) be so that f, € Sy (A, w,n,, B). Then

(

[ 20t —a+2) = (14 B)] [ —a+2]" = (14 8)— | ]
([Q(ka—a—FQ)—(l—l—B)} [,uwA—thQ}n—(l%—ﬁ))
x [2@2(pw* — @) + 1)+ (1+ B)] [2(pw* — ) +1]"
2(pw? — o +2) = (14 B)] [pw* — a + 2"

w: w| <

C fu(U).

\ L 4
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Theorem IIL.2 Let f, begiven by (5). Then f, € Sy (N, w,n, o, B) if and only if

= [Xihi(2) + Yagu(2)] . where, h(2) =z, (10)
k=1

1-p

hi(z) =2 - { 200k — D —a) + k) — (L+ B)] [(k— D(a* —a) + £ } k22

1-p
[2((k + 1) (pw* — ) + k) + 1+/3} b=z
x [(k+1)(pw* — ) + k]"

gne(2) = z+ (=1)"

DX +Yil=1,  X¢>0,  Yi>0
k=1

In perticular, the extreme points of Sy (A, w,n, o, ) are {hi.} and {g,}.

Proof: For function f,, of the form (10) we may write,

Fal2) =D [Xihi(2) + Vigue(2)]

_;[Xﬁm ;{W’f—1><uwk—a>+k)—<1+ﬁ)] [(k_l)(uwk_ank}"xk }
_1\" o 1_5 Z_k
o f;{[Q“k“mw“a)+k>+<1+5>] s D —a) 11 }

( ([2((/<; — D) (pw* —a) + k) — (1+B)] [(k — 1) (pw — @) +k]"> X‘
1-3

r +

NE

i
[}

L\ R2((k = D(pw* —a) + k) — 1+ B)][(k — D(pw* —a) + 4" ") )
([ ((k+ 1) (pw* — a) + k) + (1 + B)] [(kz+1)(uwA—a)+k:}"> X‘
1-5

( = )
| \ B+ DG @)+ B+ 4 AT+ DG —a) 1))

iXk+iYk:1—X1 <1,
k=2 k=1

Dﬁg

B
Il
—_
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50 fn € S (A, w,n,a, ).
Conversely, if f,, € Sy (A, w,n, «, (), then

1-p

"= Bk = D —a) + K — A+ Ak - D’ —a) + A"
and
b < Sl 7
2((k + 1) (pw* —a) + k) + (1 + B)] [(k + 1) (pw? — ) + k]
setting
X, — [2((k — D (pw* —a) + k) — 1(1_+5ﬁ)} [(k — 1) (puw* — a) + k]nak; 5> 9)
v — [2((/{ + 1) (puw* — o) + k) +1(1_+ﬁ5)} [(k’ + 1) (pu* — a) + k}nbk; (k> 1),
and

X =1- <2Xk+zyk)
k=2 k=1
where, X; > 0.
Then, fu(z) = X12 + Zthk + Zykgnk

so the proof is complete.

IV Convex Combination

In this section, we illustrate that the class Sy (A, w, n,a, B) is closed with regard to convex
combination of its members.

Theorem IV.1 The class Sy (N, w,n, «, B) is closed under convex combinations.

Proof: Let f,,, € Sy (\,w,n,a, ) fori =1,2,...., where f,, is given by

fn, —Z—Zakz + Zbk

Then by (7),
g { [2((k — 1) (pu* — @) + k) —1(1_+55>} [(k — 1)(pw* — a) + K] } .
- (11)
[ [2((k + D (pw* —a) + k) + (14 8)] [(k + 1) (pw* — ) + k]"

WWW.1jsssr.com Page 35



[Vol-1, Issue-3, October-December 2023 ]
International Journal of Science and Social Science Research[lJSSSR] ISSN: 2583-7877

For Zfil t; = 1,0 <t; <1, the convex combinition of f,,, may be written as

Ztifni(z) =z— Z (Z tiaki> 2K (=1 Z (Z tib;%) z*
i=1 k=2 \i=1 k=1 \i=1

Then by (11),

WE

[2((k = D) (uw* — a) + k) — (1+ B)] [(k — 1) (pw* — o) + k] <Ztak>

k=2 1-5
kf; [2((k + D (p* — 0) + k) + 1(1_+BB)} [(k + D — @) + K] (thk>
- w —a)+k 1+ —D(pw? —a)+k
) Z )+ k) - 1(—6)“( )(pu? — ) +k]" ait
— ((k+ 1) (pu* —a) + k) + (1+ B)] [(k+1)(puw* — ) + k]
gitlzl.

=1

This is the condition required by (7) and so Y 5°, ¢; fn,(2) € Sy (A, w, n, a, B).

V  CONCLUSION

In this paper an attempt has been made to introduce and investigate some properties for a
new subclass of harmonic univalent functions by using a new differential operator. Based on
this work, further useful study on different subclasses of harmonic univalent functions can be
established.
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